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APPROXIMATION OF PERIODIC FUNCTIONS BY FEJER 

SUM AND DE LA VALLEE POUSSIN SUMS 
Dr. Mikhael Shahoud 1,* 

ABSTRACT 
In this paper, we establish several results concerning the approximation of periodic 

functions by Fejér and de la Vallée Poussin means in Lebesgue spaces L_2π^p.The 

obtained estimates are expressed in terms of function for L_2 and the second-order 

modulus of continuity . 
The approximation of periodic functions by trigonometric polynomials plays a 

central role in Fourier analysis. Among the classical summation methods, Fejér 

sums and de la Vallée-Poussin sums provide powerful tools for improving the 

convergence behavior of Fourier series. In this work, we investigate the 

approximation of    -periodic functions in spaces L_2by these two summation 

methods. Special attention is given to the relationship between the smoothness of 

the function, measured via the second-order modulus of continuity, and the rate of 

approximation. Our results contribute to a clearer understanding of how 

summability methods refine Fourier approximation and provide effective tools for 

both theoretical and applied analysis. 
KEYWORDS: Jackson inequality; approximation; Fejér means, De La Vallee 

Poussin means 
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1. Introduction 
The Hilbert space L_2 consists of all 2π- periodic functions that are second power is 

Lebesgue integrable functions f defined on the real line R with the norm 

‖F‖_2= (1/2Π ∫_(-Π) ^Π▒|F(X)^2 DX|)  ^ (1/2 )  

Consider its trigonometric Fourier series for function f(x) 

A_0/2+∑_(K=1)^∞▒〖Α_K  COS⁡K X+Β_K  SIN⁡K X〗   (1 )  

and S_n be the nth partial sum of Fourier series   

S_N=A_0/2+∑_(K=1)^N▒〖Ρ_K  COS⁡(KX+Φ_K ) 〗   (2 )  

The Fejér sum is one of the classical arithmetic means used to improve the 

convergence of a Fourier series . 

Σ_(N-1) (F)=(S_0+S_1+...+S_(N-1))/N 

Remark (1): 

For every 𝑓(𝑥) ∈ 𝐿2 , the series ∑ 𝜌𝑘
2  ∞

𝑘=1 will be convergent (see[4]) 

Moreover, the terms of this series are non-negative real numbers, that become non-

increase from certain index 𝑘 = 𝑛0 

Therefore 

 

𝝆𝒑
𝟐 ≤ 𝝆𝒒

𝟐               , ∀𝒑(𝒑 > 𝒒 ≥ 𝒏𝟎) 

We obtain  

𝝆𝒑
𝟐

𝒑
≤
𝝆𝒒

𝟐

𝒒
∀𝒑, (𝒑 > 𝒒 ≥ 𝒏𝟎) 

Lemma (1) 
Fejér sums can be written in the form of a trigonometric polynomial of degree no 

greater than (n-1).  

Proof: 

We have from equation (2): 

𝑺𝟎 =
𝒂𝟎
𝟐

 

𝑺𝟏 =
𝒂𝟎
𝟐
+ 𝝆𝟏 𝒄𝒐𝒔(𝒙 + 𝝓𝟏)

 

𝑺𝟐 =
𝒂𝟎
𝟐
+ 𝝆𝟏 𝒄𝒐𝒔(𝒙 + 𝝓𝟏) + 𝝆𝟐 𝒄𝒐𝒔(𝟐𝒙 + 𝝓𝟐)

 

𝑺𝒏−𝟏 =
𝒂𝟎
𝟐
+ 𝝆𝟏 𝒄𝒐𝒔(𝒙 + 𝝓𝟏) + 𝝆𝟐 𝒄𝒐𝒔(𝟐𝒙 + 𝝓𝟐) +. . . +𝝆𝒏−𝟏 𝒄𝒐𝒔((𝒏 − 𝟏)𝒙 + 𝝓𝒏−𝟏)

 
It is obtained by summing the first n partial sums of the Fourier series and dividing by 

n : (see [5]) 

𝝈𝒏−𝟏(𝒇) =
𝑺𝟎 + 𝑺𝟏+. . . +𝑺𝒏−𝟏

𝒏
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⇒ 𝝈𝒏−𝟏(𝒇) =
𝒂𝟎
𝟐
+∑(𝟏 −

𝒌

𝒏
)𝝆𝒌 𝒄𝒐𝒔(𝒌𝒙 + 𝝓𝒌)

𝒏−𝟏

𝒌=𝟏  

Remark (2): 

From Fourier series for function (1): 

𝑓(𝑥) =
𝑎0
2
+∑𝛼𝑘 𝑐𝑜𝑠 𝑘 𝑥 + 𝛽𝑘 𝑠𝑖𝑛 𝑘 𝑥

∞

𝑘=1

 

Therefore  

𝑓(𝑥) − 𝜎𝑛−1(𝑓) = ∑
𝑘

𝑛
𝜌𝑘 𝑐𝑜𝑠(𝑘𝑥 + 𝜙𝑘)

𝑛−1

𝑘=1

+∑𝜌𝑘 𝑐𝑜𝑠(𝑘𝑥 + 𝜙𝑘)

∞

𝑘=𝑛

 

From Parseval equality 

‖𝑓(𝑥) − 𝜎𝑛−1(𝑓)‖
2 = ∑ (

𝑘

𝑛
)
2

𝜌𝑘
2𝑛−1

𝑘=1 + ∑ 𝜌𝑘
2∞

𝑘=𝑛 (3). 

And De La Vallee Poussin sum is one of the arithmetic means of the partial sums of 

a Fourier series from mth term to (n-1)th term . 

𝑉𝑚
𝑛−1(𝑓) =

𝑆𝑚 + 𝑆𝑚+1+. . . . . . . . . +𝑆𝑛−1
𝑛 − 𝑚

 

Lemma (2): 

De La Vallee Poussin sums can be written in the form of a trigonometric polynomial 

of degree no greater than (n-1).(see[3]and [6]) 

Proof: 

We have from equation (2): 

𝑆𝑚 =
𝑎0
2
+∑𝜌𝑘 𝑐𝑜𝑠(𝑘𝑥 + 𝜙𝑘)

𝑚

𝑘=1

 

𝑆𝑚+1 = 𝑆𝑚 + 𝜌𝑚+1 𝑐𝑜𝑠[(𝑚 + 1)𝑥 + 𝜙𝑚+1] 
𝑆𝑚+2 = 𝑆𝑚 + 𝜌𝑚+1 𝑐𝑜𝑠[(𝑚 + 1)𝑥 + 𝜙𝑚+1] + 𝜌𝑚+2 𝑐𝑜𝑠[(𝑚 + 2)𝑥 + 𝜙𝑚+2] 

. 

. 
𝑆𝑛−1 = 𝑆𝑚 + 𝜌𝑚+1 𝑐𝑜𝑠[(𝑚 + 1)𝑥 + 𝜙𝑚+1] + 𝜌𝑚+2 𝑐𝑜𝑠[(𝑚 + 2)𝑥 + 𝜙𝑚+2] +. . . . . + 

+𝜌𝑛−1 𝑐𝑜𝑠[(𝑛 − 1)𝑥 + 𝜙𝑛−1] 

By sum and dived by m-n: 

𝑉𝑚
𝑛−1(𝑓) = 𝑆𝑚 + ∑ (1 −

𝑘 − 𝑚

𝑛 −𝑚
)𝜌𝑘 𝑐𝑜𝑠(𝑘𝑥 + 𝜙𝑘)

𝑛−1

𝑘=𝑚+1  

Remark (3): 

From Fourier series for function: 

𝑓(𝑥) =
𝑎0
2
+∑𝛼𝑘 𝑐𝑜𝑠 𝑘 𝑥 + 𝛽𝑘 𝑠𝑖𝑛 𝑘 𝑥

∞

𝑘=1

 

Therefore  

𝒇(𝒙) − 𝑽𝒎
𝒏−𝟏(𝒇) = ∑ (

𝒌 −𝒎

𝒏 −𝒎
)𝝆𝒌 𝒄𝒐𝒔(𝒌𝒙 + 𝝓𝒌)

𝒏−𝟏

𝒌=𝒎+𝟏

+∑𝝆𝒌 𝒄𝒐𝒔(𝒌𝒙 + 𝝓𝒌)

∞

𝒌=𝒏

 

From Parseval equality 
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‖𝒇(𝒙) − 𝑽𝒎
𝒏−𝟏(𝒇)‖𝟐 = ∑ (

𝒌−𝒎

𝒏−𝒎
)
𝟐

𝝆𝒌
𝟐𝒏−𝟏

𝒌=𝒎+𝟏 + ∑ 𝝆𝒌
𝟐∞

𝒌=𝒏 (𝟒). 

 
In [8] , if 𝑓 ∈ 𝑙𝑖𝑝(𝛿𝛼 , 𝐶), then 

|𝑽𝒏
𝟏𝒇(𝒙) − 𝒇(𝒙)| <<

{
 
 

 
 𝟏

(𝝀𝒏 + 𝟏)
𝜶
        𝒘𝒉𝒆𝒏    𝟎 < 𝜶 < 𝟏

𝟏 + 𝒍𝒏(𝝀𝒏 + 𝟏)

(𝝀𝒏 + 𝟏)
         𝒘𝒉𝒆𝒏        𝜶 = 𝟏

 

holds true uniformly in 𝑥. 

In [9] , if 𝑓 ∈ 𝐿1, then 

|𝝈𝒏𝒇(𝒙) − 𝒇(𝒙)| <<
𝟏

𝒏 + 𝟏
∑𝜴𝒙𝒇 (

𝝅

𝒌 + 𝟏
)              , (𝒏 = 𝟎, 𝟏, . . . . . )

𝒏

𝒌=𝟎

 

holds for all real 𝑥. 

In [3] , let 𝑓 ∈ 𝐿1, If   
𝑛

𝜆𝑛
= 𝑂(1)   ,then 

|𝑽𝒏
𝜸
𝒇(𝒙) − 𝒇(𝒙)| <<

{
 
 

 
 𝟏

𝒏 + 𝟏
∑𝜴𝒙𝒇 (

𝝅

𝒌 + 𝟏
)              

𝒏

𝒌=𝟎

, (𝜸 ≥ 𝟏)

𝟏

(𝒏 + 𝟏)𝜸
∑

𝟏

(𝒌 + 𝟏)𝟏−𝜸
𝜴𝒙𝒇 (

𝝅

𝒌 + 𝟏
)         

𝒏

𝒌=𝟏

, (𝟎 < 𝜸 < 𝟏)

 

In [2] , for each 1 < 𝑝 < ∞  there exists a constant 𝐶𝑝 such that ; for each 𝑓 ∈ 𝑋𝑝; 

𝟏

𝟒𝑪𝒑
‖𝒇 − 𝝈𝒏(𝒇)‖𝒑 ≤ 𝝎𝟏 (𝒇,

𝟑

𝒏 + 𝟏
) ≤ 𝟖𝑪𝒑‖𝒇 − 𝝈𝒏(𝒇)‖𝒑 

and in particular when 𝑝 = 2 

𝟏

𝟒
‖𝒇 − 𝝈𝒏(𝒇)‖𝟐 ≤ 𝝎𝟏 (𝒇,

𝟑

𝒏 + 𝟏
) ≤ 𝟖‖𝒇 − 𝝈𝒏(𝒇)‖𝟐 

In [1] , Ching and Chui proved that ; for each 𝑓(𝑥) ∈ 𝑋2and 𝑛 ∈ 𝑁; 

𝟏

𝝅
𝝎𝟐 (

𝝅

𝒏 + 𝟏
; 𝒇) < ‖𝝈𝒏(𝒇) − 𝒇‖ <

𝟏

√𝟐
𝝎𝟐 (

𝝅

𝒏 + 𝟏
; 𝒇) 

In this manuscript we show that similar relation for 𝑓(𝑥) ∈ 𝐿2. 

2. Methodology 
In this research, we follow a theoretical and analytical approach based on classical 

approximation theory. 

The aim is to study the approximation of periodic functions by Fejér and de la Vallée 

Poussin means, and to examine their convergence behavior and related error 

estimates. 

The methodology includes of the following main steps: 
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Function Space and  Assumptions: 
We consider 2𝜋 -periodic functions belonging to the space 𝐿𝑝[−𝜋, 𝜋] for suitable 

values of 𝑃, as well as continuous functions where applicable.  

Standard assumptions on the smoothness and integrability of the target function are 

clearly stated to ensure that the approximation results are valid and applicable. 

1. Definition of Approximation Operators: 

The Fejér mean 𝜎𝑛𝑓(𝑥) and the de la Vallée Poussin mean 𝑉𝑚
𝑛(𝑓) are defined 

using the corresponding trigonometric. We Their main properties, such as 

positivity and reproducing behaviour, are analyzed to support the theoretical 

framework of the study. 

2. Analytical Derivation: 

Using tools from Fourier analysis, we derive upper bounds for the 

approximation errors. In particular, we apply estimates based on the second -

order modulus of continuity and use classical inequalities (such as Jackson-type 

inequalities) to quantify the rate of convergence. 

3. Comparative Analysis: 

A detailed comparison between the Fejér and de la Vallée Poussin sums is 

conducted based on their approximation performance. We highlight conditions 

under which one method may provide a better rate of convergence or smoother 

approximation behavior. 

This methodology ensures a rigorous and structured analysis of the approximation 

capabilities of both Fejér and de la Vallée Poussin sums within the framework of 

harmonic analysis and functional approximation. 

3. Results and discussion 
Theorem (1): for any function𝑓(𝑥) ∈ 𝐿2, (𝑓(𝑥) ≠ 𝑐𝑜𝑛𝑠𝑡)and for any natural 

number 𝑛 the following inequality holds:   

‖𝒇(𝒙) − 𝝈𝒏−𝟏(𝒇)‖ ≤
𝟏

√𝟔
(
𝒏

𝝅
∫ 𝝎𝟐

𝟐(𝒇, 𝒕)𝒅𝒕

𝝅
𝒏

𝟎

)

𝟏
𝟐

         ,    ∀𝒏 ≥ 𝒏𝟎 

Proof: 

From Fourier series and Parseval equality will be obtained: 

‖𝒇(𝒙 − 𝒕) − 𝟐𝒇(𝒙) + 𝒇(𝒙 + 𝒕)‖𝟐 = 𝟒∑𝝆𝒌
𝟐(𝟏 − 𝒄𝒐𝒔𝒌 𝒕)𝟐

∞

𝒌=𝟏

 

On the other hand, using the definition of second-order modulus of continuity [7] we 

have: 

𝝎𝟐(𝒇, 𝜹) ≥ ‖𝒇(𝒙 − 𝜹) − 𝟐𝒇(𝒙) + 𝒇(𝒙 + 𝜹)‖ 

𝝎𝟐
𝟐(𝒇, 𝜹) ≥ ‖𝒇(𝒙 − 𝜹) − 𝟐𝒇(𝒙) + 𝒇(𝒙 + 𝜹)‖𝟐 ≥ 

≥ 𝟒∑𝝆𝒌
𝟐(𝟏 − 𝒄𝒐𝒔 𝒌𝜹)𝟐

∞

𝒌=𝟏
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≥ 𝟒∑𝝆𝒌
𝟐(𝟏 − 𝒄𝒐𝒔 𝒌𝜹)𝟐

∞

𝒌=𝟏

≥ 𝟒∑𝝆𝒌
𝟐(𝟏 − 𝒄𝒐𝒔 𝒌𝜹)𝟐

𝒏−𝟏

𝒌=𝟏

+ 𝟒∑𝝆𝒌
𝟐(𝟏 − 𝒄𝒐𝒔 𝒌𝜹)𝟐

∞

𝒌=𝒏

 

≥ 𝟒∑𝝆𝒌
𝟐(𝟏 − 𝒄𝒐𝒔 𝒌𝜹)𝟐

𝒏−𝟏

𝒌=𝟏

+ 𝟐∑𝝆𝒌
𝟐(𝟑 − 𝟒 𝒄𝒐𝒔 𝒌𝜹 + 𝒄𝒐𝒔 𝟐𝒌𝜹)

∞

𝒌=𝒏  

𝟏

𝟔
𝝎𝟐

𝟐(𝒇, 𝜹) ≥
𝟐

𝟑
∑𝝆𝒌

𝟐(𝟏 − 𝒄𝒐𝒔𝒌𝜹)𝟐
𝒏−𝟏

𝒌=𝟏

+∑𝝆𝒌
𝟐 −

𝟒

𝟑
∑𝝆𝒌

𝟐 𝒄𝒐𝒔 𝒌𝜹

∞

𝒌=𝒏

∞

𝒌=𝒏

+
𝟏

𝟑
∑𝝆𝒌

𝟐 𝒄𝒐𝒔 𝟐𝒌𝜹

∞

𝒌=𝒏

 

Changing𝛿 to 𝑡 we can write  

∑𝝆𝒌
𝟐

∞

𝒌=𝒏

≤
𝟏

𝟔
𝝎𝟐

𝟐(𝒇, 𝒕) −
𝟐

𝟑
∑𝝆𝒌

𝟐(𝟏 − 𝒄𝒐𝒔 𝒌 𝒕)𝟐
𝒏−𝟏

𝒌=𝟏

+
𝟒

𝟑
∑𝝆𝒌

𝟐 𝒄𝒐𝒔 𝒌 𝒕

∞

𝒌=𝒏

−
𝟏

𝟑
∑𝝆𝒌

𝟐 𝒄𝒐𝒔 𝟐𝒌𝒕

∞

𝒌=𝒏

 

Summing both sides by ∑ (
𝑘

𝑛
)
2
𝜌𝑘
2𝑛−1

𝑘=1 we obtain: 

∑𝝆𝒌
𝟐 +∑(

𝒌

𝒏
)
𝟐

𝝆𝒌
𝟐

𝒏−𝟏

𝒌=𝟏

∞

𝒌=𝒏

≤
𝟏

𝟔
𝝎𝟐

𝟐(𝒇, 𝒕) +∑(
𝒌

𝒏
)
𝟐

𝝆𝒌
𝟐 −

𝟐

𝟑
∑𝝆𝒌

𝟐(𝟏 − 𝒄𝒐𝒔 𝒌 𝒕)𝟐
𝒏−𝟏

𝒌=𝟏

𝒏−𝟏

𝒌=𝟏

+
𝟒

𝟑
∑𝝆𝒌

𝟐 𝒄𝒐𝒔 𝒌 𝒕

∞

𝒌=𝒏

−
𝟏

𝟑
∑𝝆𝒌

𝟐 𝒄𝒐𝒔 𝟐𝒌𝒕

∞

𝒌=𝒏

 

from (3) we obtain 

‖𝒇(𝒙) − 𝝈𝒏−𝟏(𝒇)‖
𝟐

≤
𝟏

𝟔
𝝎𝟐

𝟐(𝒇, 𝒕) +∑𝝆𝒌
𝟐 [(

𝒌

𝒏
)
𝟐

−
𝟐

𝟑
(𝟏 − 𝒄𝒐𝒔 𝒌 𝒕)𝟐]

𝒏−𝟏

𝒌=𝟏

+
𝟒

𝟑
∑𝝆𝒌

𝟐 𝒄𝒐𝒔 𝒌 𝒕

∞

𝒌=𝒏

−
𝟏

𝟑
∑𝝆𝒌

𝟐 𝒄𝒐𝒔𝟐𝒌𝒕

∞

𝒌=𝒏

 

IN PARTICULAR  ∑ 𝝆𝒌
𝟐 (

𝒌

𝒏
)
𝟐

≤𝒏−𝟏
𝒌=𝟏 ∑ 𝝆𝒌

𝟐 𝒔𝒊𝒏𝟐 (
𝒌𝒕

𝟐
)𝒏−𝟏

𝒌=𝟏    (SEE [1]) 

and hence 

‖𝒇(𝒙) − 𝝈𝒏−𝟏(𝒇)‖

≤
𝟏

𝟔
𝝎𝟐

𝟐(𝒇, 𝒕) +∑𝝆𝒌
𝟐 [𝒔𝒊𝒏𝟐 (

𝒌𝒕

𝟐
) −

𝟐

𝟑
(𝟏 − 𝒄𝒐𝒔 𝒌 𝒕)𝟐]

𝒏−𝟏

𝒌=𝟏

+
𝟒

𝟑
∑𝝆𝒌

𝟐 𝒄𝒐𝒔 𝒌 𝒕

∞

𝒌=𝒏

−
𝟏

𝟑
∑𝝆𝒌

𝟐 𝒄𝒐𝒔 𝟐𝒌𝒕

∞

𝒌=𝒏
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≤
𝟏

𝟔
𝝎𝟐

𝟐(𝒇, 𝒕) +∑𝝆𝒌
𝟐 [
𝟏

𝟐
(𝟏 − 𝒄𝒐𝒔 𝒌 𝒕) −

𝟐

𝟑
(𝟏 − 𝒄𝒐𝒔 𝒌 𝒕)𝟐]

𝒏−𝟏

𝒌=𝟏

+
𝟒

𝟑
∑𝝆𝒌

𝟐 𝒄𝒐𝒔 𝒌 𝒕

∞

𝒌=𝒏

−
𝟏

𝟑
∑𝝆𝒌

𝟐 𝒄𝒐𝒔 𝟐𝒌𝒕

∞

𝒌=𝒏

 

≤
𝟏

𝟔
𝝎𝟐

𝟐(𝒇, 𝒕) +∑𝝆𝒌
𝟐 [(𝟏 − 𝒄𝒐𝒔 𝒌 𝒕) (

𝟏

𝟐
−
𝟐

𝟑
(𝟏 − 𝒄𝒐𝒔 𝒌 𝒕))]

𝒏−𝟏

𝒌=𝟏

+
𝟒

𝟑
∑𝝆𝒌

𝟐 𝒄𝒐𝒔 𝒌 𝒕

∞

𝒌=𝒏

−
𝟏

𝟑
∑𝝆𝒌

𝟐 𝒄𝒐𝒔 𝟐𝒌𝒕

∞

𝒌=𝒏

 

≤
𝟏

𝟔
𝝎𝟐

𝟐(𝒇, 𝒕) +∑𝝆𝒌
𝟐 [(𝟏 − 𝒄𝒐𝒔 𝒌 𝒕) (−

𝟏

𝟔
+
𝟐

𝟑
𝒄𝒐𝒔 𝒌 𝒕)]

𝒏−𝟏

𝒌=𝟏

+
𝟒

𝟑
∑𝝆𝒌

𝟐 𝒄𝒐𝒔 𝒌 𝒕

∞

𝒌=𝒏

−
𝟏

𝟑
∑𝝆𝒌

𝟐 𝒄𝒐𝒔 𝟐𝒌𝒕

∞

𝒌=𝒏

 

≤
𝟏

𝟔
𝝎𝟐

𝟐(𝒇, 𝒕) +
𝟒

𝟑
∑𝝆𝒌

𝟐 𝒄𝒐𝒔𝒌 𝒕

∞

𝒌=𝒏

−
𝟏

𝟑
∑𝝆𝒌

𝟐 𝒄𝒐𝒔 𝟐𝒌𝒕

∞

𝒌=𝒏

 

By integrating with respect to 𝑡 form 0 to 
𝜋

𝑛
  we obtain 

𝜋

𝑛
‖𝑓(𝑥) − 𝜎𝑛−1(𝑓)‖

2 ≤
1

6
∫ 𝜔2

2(𝑓, 𝑡)𝑑𝑡 +
4

3
∑

𝜌𝑘
2

𝑘
𝑠𝑖𝑛

𝑘𝜋

𝑛
−
1

6
∑

𝜌𝑘
2

𝑘
𝑠𝑖𝑛

2𝑘𝜋

𝑛

∞

𝑘=𝑛

∞

𝑘=𝑛

𝜋
𝑛

0

 

Let's prove that 

∑
𝜌𝑘

2

𝑘
𝑠𝑖𝑛 (

𝑘𝜋

𝑛
)∞

𝑘=𝑛 ≤ 0 (see Appendix A) 

∑
𝜌𝑘

2

𝑘
𝑠𝑖𝑛

2𝑘𝜋

𝑛

∞
𝑘=𝑛 ≥ 0 (see Appendix B) 

Therefore  

𝜋

𝑛
‖𝑓(𝑥) − 𝜎𝑛−1(𝑓)‖

2 ≤
1

6
∫ 𝜔2

2(𝑓, 𝑡)𝑑𝑡

𝜋
𝑛

0

 

⇒ ‖𝑓(𝑥) − 𝜎𝑛−1(𝑓)‖ ≤
1

√6
{
𝑛

𝜋
∫ 𝜔2

2(𝑓, 𝑡)𝑑𝑡

𝜋
𝑛

0

}

1
2

 

Theorem (2): for any function𝑓(𝑥) ∈ 𝐿2, (𝑓(𝑥) ≠ 𝑐𝑜𝑛𝑠𝑡) and for any natural 

number 𝑚 < 𝑛; 𝑛,𝑚 the following inequality holds:   

‖𝑓(𝑥) − 𝑉𝑚
𝑛−1(𝑓)‖ ≤

1

√6
(
𝑛

𝜋
∫ 𝜔2

2(𝑓, 𝑡)𝑑𝑡

𝜋
𝑛

0

)

1
2

         ,   ∀𝑛 ≥ 𝑛0 

Proof: 

To prove the inequality, it's enough to prove 

‖𝒇(𝒙) − 𝑽𝒎
𝒏−𝟏(𝒇)‖ ≤ ‖𝒇(𝒙) − 𝝈𝒏−𝟏(𝒇)‖ 

WE HAVE 

𝒌 −𝒎

𝒏 −𝒎
≤
𝒌

𝒏
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THEREFORE  

∑ (
𝒌 −𝒎

𝒏−𝒎
)

𝒏−𝟏

𝒌=𝒎+𝟏

𝟐

𝝆𝟐 ≤ ∑ (
𝒌

𝒏
)
𝟐

𝝆𝟐
𝒏−𝟏

𝒌=𝒎+𝟏

 

THEREFORE 

∑ (
𝒌 −𝒎

𝒏−𝒎
)

𝒏−𝟏

𝒌=𝒎+𝟏

𝟐

𝝆𝟐 +∑𝝆𝒌
𝟐

∞

𝒌=𝒏

≤ ∑ (
𝒌

𝒏
)
𝟐

𝝆𝟐
𝒏−𝟏

𝒌=𝒎+𝟏

+∑𝝆𝒌
𝟐

∞

𝒌=𝒏

 

‖𝒇(𝒙) − 𝑽𝒎
𝒏−𝟏(𝒇)‖𝟐 = ∑ (

𝒌 −𝒎

𝒏 −𝒎
)

𝒏−𝟏

𝒌=𝒎+𝟏

𝟐

𝝆𝟐 +∑𝝆𝒌
𝟐

∞

𝒌=𝒏

≤ ∑ (
𝒌

𝒏
)
𝟐

𝝆𝟐
𝒏−𝟏

𝒌=𝒎+𝟏

+∑𝝆𝒌
𝟐

∞

𝒌=𝒏

= ‖𝒇(𝒙) − 𝝈𝒏−𝟏(𝒇)‖
𝟐 

3.1 Appendix  

A. We now proceed to prove the following result. 

∑
𝝆𝒌

𝟐

𝒌
𝒔𝒊𝒏 (

𝒌𝝅

𝒏
)

∞

𝒌=𝒏

≤ 𝟎 

We collect the terms of this series in the following form 

∑
𝝆𝒌

𝟐

𝒌
𝒔𝒊𝒏 (

𝒌𝝅

𝒏
)

∞

𝒌=𝒏

= 

∑∑{
𝝆𝟐

(𝟐𝒍−𝟏)𝒏+𝒋

(𝟐𝒍 − 𝟏)𝒏 + 𝒋
𝒔𝒊𝒏[(𝟐𝒍 − 𝟏)𝒏 + 𝒋]

𝝅

𝒏
+
𝝆𝟐

𝟐𝒏𝒍+𝒋

𝟐𝒏𝒍 + 𝒋
𝒔𝒊𝒏[𝟐𝒏𝒍 + 𝒋]

𝝅

𝒏
}

𝒏−𝟏

𝒋=𝟎

∞

𝒍=𝟏

 

On the other hand 

𝒔𝒊𝒏[(𝟐𝒍 − 𝟏)𝒏 + 𝒋]
𝝅

𝒏
= 𝒔𝒊𝒏 (𝟐𝒍𝝅 − 𝝅 +

𝒋𝝅

𝒏
) = 𝒔𝒊𝒏 (

𝒋𝝅

𝒏
− 𝝅) = −𝒔𝒊𝒏 (

𝒋𝝅

𝒏
) , 

𝒔𝒊𝒏[𝟐𝒏𝒍 + 𝒋]
𝝅

𝒏
= 𝒔𝒊𝒏 (𝟐𝒍𝝅 +

𝒋𝝅

𝒏
) = 𝒔𝒊𝒏 (

𝒋𝝅

𝒏
) 

We obtain  

∑
𝝆𝟐

𝒌
𝒔𝒊𝒏 (

𝒌𝝅

𝒏
)

∞

𝒌=𝒏

=∑∑[
𝝆𝟐

𝟐𝒏𝒍+𝒋

𝟐𝒏𝒍 + 𝒋
−

𝝆𝟐
(𝟐𝒍−𝟏)𝒏+𝒋

(𝟐𝒍 − 𝟏)𝒏 + 𝒋
]

𝒏−𝟏

𝒋=𝟎

𝒔𝒊𝒏 (
𝒋𝝅

𝒏
)

∞

𝒍=𝟏

 

We have 

∀𝒍 ≥ 𝟏 ⇒ 𝟐𝒏𝒍 + 𝒋 > (𝟐𝒍 − 𝟏)𝒏 + 𝒋 

From remark (1) 

𝝆𝟐𝒏𝒍+𝒋
𝟐

𝟐𝒏𝒍 + 𝒋
≤

𝝆(𝟐𝒍−𝟏)𝒏+𝒋
𝟐

(𝟐𝒍 − 𝟏)𝒏 + 𝒋
                    ∀𝒍 ≥ 𝟏          , ∀𝒋 ≥ 𝟎 

And also 
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𝒔𝒊𝒏 (
𝒋𝝅

𝒏
) ≥ 𝟎             ,    𝟎 ≤ 𝒋 ≤ 𝒏 − 𝟏 

Therefore  

∑∑[
𝝆𝟐

𝟐𝒏𝒍+𝒋

𝟐𝒏𝒍 + 𝒋
−

𝝆𝟐
(𝟐𝒍−𝟏)𝒏+𝒋

(𝟐𝒍 − 𝟏)𝒏 + 𝒋
]

𝒏−𝟏

𝒋=𝟎

𝒔𝒊𝒏 (
𝒋𝝅

𝒏
)

∞

𝒍=𝟏

≤ 𝟎 

⇒∑
𝝆𝟐

𝒌
𝒔𝒊𝒏 (

𝒌𝝅

𝒏
)

∞

𝒌=𝒏

≤ 𝟎 

B. We now proceed to prove the following result. 

∑
𝝆𝒌

𝟐

𝒌
𝒔𝒊𝒏

𝟐𝒌𝝅

𝒏

∞

𝒌=𝒏

≥ 𝟎 

To prove this inequality, we distinguish between two cases 

First case: Let 𝑛 be an odd number. Then, we use  the symbol [
𝑛

2
] to denote the integer 

part of a number
𝑛

2
. 

We collect the terms of this series in the following form 

∑
𝝆𝒌

𝟐

𝒌
𝒔𝒊𝒏

𝟐𝒌𝝅

𝒏
=

∞

𝒌=𝒏

∑(∑
𝝆𝟐

𝒍𝒏+𝒋

𝒍𝒏 + 𝒋
𝒔𝒊𝒏𝟐 (𝒍𝒏 + 𝒋)

𝝅

𝒏

[
𝒏
𝟐
]

𝒋=𝟎

∞

𝒍=𝟏

+∑
𝝆𝟐

(𝒍+𝟏)𝒏−𝒋

(𝒍 + 𝟏)𝒏 − 𝒋
𝒔𝒊𝒏𝟐 [(𝒍 + 𝟏)𝒏 − 𝒋]

𝝅

𝒏

[
𝒏
𝟐
]

𝒋=𝟏

) 

=∑(∑
𝝆𝟐

𝒍𝒏+𝒋

𝒍𝒏 + 𝒋
𝒔𝒊𝒏

𝟐𝒋𝝅

𝒏
−∑

𝝆𝟐
(𝒍+𝟏)𝒏−𝒋

(𝒍 + 𝟏)𝒏 − 𝒋
𝒔𝒊𝒏

𝟐𝒋𝝅

𝒏

[
𝒏
𝟐
]

𝒋=𝟏

[
𝒏
𝟐
]

𝒋=𝟎

)

∞

𝒍=𝟏

 

When𝑗 = 0  we obtain  𝑠𝑖𝑛
2𝑗𝜋

𝑛
= 0  therefore   

∑
𝝆𝟐

𝒌

𝒌
𝒔𝒊𝒏

𝟐𝒌𝝅

𝒏
=∑∑(

𝝆𝟐
𝒍𝒏+𝒋

𝒍𝒏 + 𝒋
−

𝝆𝟐
(𝒍+𝟏)𝒏−𝒋

(𝒍 + 𝟏)𝒏 − 𝒋
) 𝒔𝒊𝒏

𝟐𝒋𝝅

𝒏

[
𝒏
𝟐
]

𝒋=𝟏

∞

𝒍=𝟏

∞

𝒌=𝒏

 

When 1 ≤ 𝑗 ≤ [
𝑛

2
] we obtain  𝑠𝑖𝑛

2𝑗𝜋

𝑛
> 0 . 

and∀𝑙 ≥ 1𝑙𝑛 + 𝑗 < (𝑙 + 1)𝑛 − 𝑗 
From remark (1) 

𝝆𝟐
𝒍𝒏+𝒋

𝒍𝒏 + 𝒋
≥

𝝆𝟐
(𝒍+𝟏)𝒏−𝒋

(𝒍 + 𝟏)𝒏 − 𝒋
 

 
Therefore  
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∑∑(
𝝆𝟐

𝒍𝒏+𝒋

𝒍𝒏 + 𝒋
−

𝝆𝟐
(𝒍+𝟏)𝒏−𝒋

(𝒍 + 𝟏)𝒏 − 𝒋
) 𝒔𝒊𝒏

𝟐𝒋𝝅

𝒏

[
𝒏
𝟐
]

𝒋=𝟏

∞

𝒍=𝟏

≥ 𝟎 

⇒∑
𝝆𝟐

𝒌

𝒌
𝒔𝒊𝒏

𝟐𝒌𝝅

𝒏

∞

𝒌=𝒏

≥ 𝟎 

Second case: Let 𝑛 be an even number 

We collect the terms of this series in the following form 

∑
𝝆𝒌

𝟐

𝒌
𝒔𝒊𝒏

𝟐𝒌𝝅

𝒏
=∑(∑

𝝆𝟐
𝒍𝒏+𝒋

𝒍𝒏 + 𝒋
𝒔𝒊𝒏𝟐 (𝒍𝒏 + 𝒋)

𝝅

𝒏
+∑

𝝆𝟐
(𝒍+𝟏)𝒏−𝒋

(𝒍 + 𝟏)𝒏 − 𝒋
𝒔𝒊𝒏𝟐 [(𝒍 + 𝟏) − 𝒋]

𝝅

𝒏

𝒏
𝟐

𝒋=𝟏

𝒏
𝟐
−𝟏

𝒋=𝟎

)

∞

𝒍=𝟏

∞

𝒌=𝒏

 

=∑(∑
𝝆𝟐

𝒍𝒏+𝒋

𝒍𝒏 + 𝒋
𝒔𝒊𝒏

𝟐𝒋𝝅

𝒏

𝒏
𝟐
−𝟏

𝒋=𝟎

−∑
𝝆𝟐

(𝒍+𝟏)𝒏−𝒋

(𝒍 + 𝟏)𝒏 − 𝒋
𝒔𝒊𝒏

𝟐𝒋𝝅

𝒏

𝒏
𝟐

𝒋=𝟏

)

∞

𝒍=𝟏

 

When  𝑗 = 0  we obtain  𝑠𝑖𝑛
2𝑗𝜋

𝑛
= 0 

When  𝑗 =
𝑛

2
   we obtain  𝑠𝑖𝑛

2𝑗𝜋

𝑛
= 0 therefore    

∑
𝝆𝟐

𝒌

𝒌
𝒔𝒊𝒏

𝟐𝒌𝝅

𝒏

∞

𝒌=𝒏

=∑∑(
𝝆𝟐

𝒍𝒏+𝒋

𝒍𝒏 + 𝒋
−

𝝆𝟐
(𝒍+𝟏)𝒏−𝒋

(𝒍 + 𝟏)𝒏 − 𝒋
) 𝒔𝒊𝒏

𝟐𝒋𝝅

𝒏

𝒏
𝟐
−𝟏

𝒋=𝟏

∞

𝒍=𝟏

≥ 𝟎 

4. Conclusion 
This paper presents the approximation of periodic function using Fejér means and de 

la Vallee Poussin means in Lebesgue spaces. 

The approach ensures the validity of Jackson’s inequality by applying the FEJER and 

DE LA VALLEE POUSSIN means and the second-order modulus of continuity in 

space 𝐿2. 

The results were as follow: 

Theorem (1): For any function𝑓(𝑥) ∈ 𝐿2, (𝑓(𝑥) ≠ 𝑐𝑜𝑛𝑠𝑡)and for any natural 

number 𝑛will be obtained the inequality:   

‖𝒇(𝒙) − 𝝈𝒏−𝟏(𝒇)‖ ≤
𝟏

√𝟔
(
𝒏

𝝅
∫ 𝝎𝟐

𝟐(𝒇, 𝒕)𝒅𝒕

𝝅
𝒏

𝟎

)

𝟏
𝟐

            ,    ∀𝒏 ≥ 𝒏𝟎 

Theorem (2): For any function𝑓(𝑥) ∈ 𝐿2, (𝑓(𝑥) ≠ 𝑐𝑜𝑛𝑠𝑡) and for any natural 

number 𝑚 < 𝑛; 𝑛,𝑚Will be obtained the inequality:   

‖𝒇(𝒙) − 𝑽𝒎
𝒏−𝟏(𝒇)‖ ≤

𝟏

√𝟔
(
𝒏

𝝅
∫ 𝝎𝟐

𝟐(𝒇, 𝒕)𝒅𝒕

𝝅
𝒏

𝟎

)

𝟏
𝟐

           ,   ∀𝒏 ≥ 𝒏𝟎 
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