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ABSTRACT

In this paper, we establish several results concerning the approximation of periodic
functions by Fejér and de la Vallée Poussin means in Lebesgue spaces L_2n"p.The
obtained estimates are expressed in terms of function for L 2 and the second-order
modulus of continuity.

The approximation of periodic functions by trigonometric polynomials plays a
central role in Fourier analysis. Among the classical summation methods, Fejér
sums and de la Vallée-Poussin sums provide powerful tools for improving the
convergence behavior of Fourier series. In this work, we investigate the
approximation of  -periodic functions in spaces L 2by these two summation
methods. Special attention is given to the relationship between the smoothness of
the function, measured via the second-order modulus of continuity, and the rate of
approximation. Our results contribute to a clearer understanding of how
summability methods refine Fourier approximation and provide effective tools for
both theoretical and applied analysis.
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1. Introduction
The Hilbert space L_2 consists of all 2x- periodic functions that are second power is
Lebesgue integrable functions f defined on the real line R with the norm

IF||. 2= (1/2m f_(-IT) “1[F(x)"2 Dx[)(2/1)"
Consider its trigonometric Fourier series for function f(x)
A 0/2+) (k=1)"cofF [A_K COSFKX+B K SINFKX] (1)

and S_n be the nth partial sum of Fourier series

The Fejér sum is one of the classical arithmetic means used to improve the
convergence of a Fourier series.

Xz (N-1) (F)=(5.0+8 1+..+S (N-1))/N

Remark (1):

For every f(x) € L, , the series Y5, pi2 will be convergent (see[4])

Moreover, the terms of this series are non-negative real numbers, that become non-
increase from certain index k = n,

Therefore
P < pg? Vp(p > q = ny)
We obtain
Py’ P
— < —Vp, >q=n
- q p.(p > q =ny)
Lemma (1)

Fejér sums can be written in the form of a trigonometric polynomial of degree no
greater than (n-1).
Proof:
We have from equation (2):
Ao
2
ag
S = > + picos(x + ¢q)

So=

a
S, = 70 + picos(x + ¢@q) + pycos(2x + ;)

a

Sp_1 = 70 + prcos(x + ¢y) + prcos2x + ¢y) +...+py_gcos((n— Dx+ ¢p,_4)
It is obtained by summing the first n partial sums of the Fourier series and dividing by
n: (see [5])

So+ Si+...+Sn1
n

an—l(f) =
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Qg = k
= a1 (f) =5+ ) (1) pucostix + i)
k=1 n
Remark (2):
From Fourier series for function (1):

a
fl) = 70+ Zakcoskx + B sink x
k=1
Therefore

n—-1 [e3)
k
FG) = 0na(F) = ) = pcostiox+ i) + ) py cos(iex + )
k=1 k=n
From Parseval equality

1£GO) = our (OI? = T3zt (5) 02 + Zin 0 (3.
And De La Vallee Poussin sum is one of the arithmetic means of the partial sums of
a Fourier series from mth term to (n-1)th term .
. S F SppaFeeennnnns +Sp_1

Lemma (2):

De La Vallee Poussin sums can be written in the form of a trigonometric polynomial
of degree no greater than (n-1).(see[3]and [6])

Proof:

We have from equation (2):

Sm + Z pr cos(kx + ¢y)

Sm+1 - S + pm+1 COS[(m + 1)x + ¢m+1]
Smiz = Sm + Pmi1 cos[(m + Dx + 1] + prmyz cos[(m + 2)x + dmyz]

Sn-1 = Sm + Pm+1 cos[(M + D)X + Pria] + sz cos[(m + 2)x + Prmip] +.... +
+pp-1 cos[(n — Dx + ¢p_4]
By sum and dived by m-n:

VAL = S+ Z (1= 22) pecostir + )

k=m+1

Remark (3):
From Fourier series for function:

Qo N ;
f)=—+ ) aycoskx+ B sinkx
5 kzl K k
Therefore
n-1
k —
f@-VE' P = ) (C) pucostix + ¢i) + Z prccos(iex + i)

k=m+1 k=n

From Parseval equality
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1 G) — VAN = Zizhen (S8 07+ i 0} (4).

m

8].,if f € lip(6%,C), then

m when 0<a<1

Vif(x) — f(x)] << 11 +’2n(/1n +1)

h =1
o+ D) when «

holds true uniformly in x.
9],if f € L1, then

o f (6) - f(x)l<<—zﬂxf 1)

holds for all real x.
3], letf € L1, If Ai =0(1) ,then

( ,r=1)
+IZ k+1
Vif() — f(0)| << "

(n+ 1)Y; (k+ 1)1-Y @.f (k + 1)

,(0<y<1)
In [2], foreach 1 < p < oo there exists a constant C,, such that ; for each f € X?;
1 3
ac I~ nDly < 01 (£.757) <8G, I — (Pl
and in particular when p = 2

1 < 3\ 8
If =Dl < 01 (=) < 8If — 0Pz
In[1], Ching and Chui proved that ; for each f(x) € X?and n € N;

) <lloath = fll < 02 (/)

In this manuscript we show that similar relation for f(x) € L,.

1 T
;w (n+1

2. Methodology

In this research, we follow a theoretical and analytical approach based on classical
approximation theory.

The aim is to study the approximation of periodic functions by Fejér and de la Vallée
Poussin means, and to examine their convergence behavior and related error
estimates.

The methodology includes of the following main steps:
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Function Space and Assumptions:
We consider 2m -periodic functions belonging to the space LP[—m, m] for suitable
values of P, as well as continuous functions where applicable.
Standard assumptions on the smoothness and integrability of the target function are
clearly stated to ensure that the approximation results are valid and applicable.
1. Definition of Approximation Operators:
The Fejér mean o, f (x) and the de la Vallée Poussin mean V,} (f) are defined
using the corresponding trigonometric. We Their main properties, such as
positivity and reproducing behaviour, are analyzed to support the theoretical
framework of the study.
2. Analytical Derivation:
Using tools from Fourier analysis, we derive upper bounds for the
approximation errors. In particular, we apply estimates based on the second -
order modulus of continuity and use classical inequalities (such as Jackson-type
inequalities) to quantify the rate of convergence.
3. Comparative Analysis:
A detailed comparison between the Fejér and de la Vallée Poussin sums is
conducted based on their approximation performance. We highlight conditions
under which one method may provide a better rate of convergence or smoother
approximation behavior.
This methodology ensures a rigorous and structured analysis of the approximation
capabilities of both Fejér and de la Vallée Poussin sums within the framework of
harmonic analysis and functional approximation.

3. Results and discussion
Theorem (1): for any functionf(x) € L,, (f(x) # const)and for any natural
number n the following inequality holds:

1
- =

n 2
1) = onr (Pl < (2 [Mw2(r,00at) . vn=ng
e\ Jo

s

Proof:
From Fourier series and Parseval equality will be obtained:

If(x—t) = 2f(x) + f(x + D> = 4Zpkz(1 — coskt)?
k=1

On the other hand, using the definition of second-order modulus of continuity [7] we
have:
wy(f,8) = ||f(x —6) —2f(x) + f(x + )l
wzz([oﬁ) 2 |If(x—8) —2f(x) + flx + O* =

> 42 pi2(1— cos k &)?

k=1
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n-1

> 42 pr’l(1—coské)? = 42 pi’(1—cosk&)?* + 4Zpk2(1 — cos k §)*?

k=n
n 1

> 4Zpk2(1—cosk8)Z +22pk2(3 4cosk s+ cos2kd)

1 . 2% 2 2 N 2 AN 2
52 (f,6)2§Zpk (1 —coské) +Zpk —§Zpk coské
k=1 = k=n

1v
+§Zpk cos2kd

Changingé to t we can write

Z S w2 (f, t)——Zpkz(l—coskt)2+ Zpk coskt——Zpk cos2 kt
: : n-1(k 2 .
Summing both sides by Y327 (Z) Piwe obtain:
0 n-1
k 2
2 X 2
2.+ ) (5) et
k=n k=1
n-1 2
L k 2 2
<—w2 (f, t)+2(—> ——Zpk (1—coskt)
BZPR coskt——Zpk cos 2 kt

from (3) we obtain

1f(x) - <7n_1(f)ll2

E % (f, t)+2pk[ ——(1—coskt) ] Zpk coskt
v,
EZpk cos 2kt

k=n

IN PARTICULAR Y71 p? (k) <¥"1pisin ( ) (SEE [1])

and hence

If () — o1 (O »
< %wzz(f, t) + Z p: [sin2 (%) - ;(1 —cosk t)z]
=1

o, 1v
+§Zpk COSkt—gZPk cos 2 kt
k=n k=n
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1, N 2[1 2 2] 4 N 2
<—w, (f,t)+Zpk[—(1—coskt)—§(1—coskt) ]+§Zpk coskt
= o k=n
1 2
—Zpk cos 2 kt
3 —
n-1 oo
<1w i(f t)+z Z[(1—coskt)(———(l—coskt))]+iz: Zcoskt
=@ U, Pk 3 Pr
k=1 o k=n
1
—EZpk cos 2 kt
k=n

_6w2 2(f, t)+2pk[(1—coskt)(——+ coskt)] 3Zpk coskt

——Zpk cos 2 kt
1
< ngz(f,t) +§Zpk coskt—gz prlcos2kt
k=n k=n

By integrating with respect to t form 0 to % we obtain

s

i , 1 (m 4o 2 km lwpk_an
TIF@ = o (I < g [0, (.ot +3 ) Fsins =g ) Gsin =
=n =N

Let's prove that
oyl n—sm( ) < 0 (see Appendix A)
k= n—sm = > 0 (see Appendix B)

Therefore

[ , 1 0 )
TP = o (I < ¢ ["wr? 00t

1

1 o 2
A IORGIE ﬁ[g |, t)dt}

Theorem (2): for any functionf(x) € L,, (f(x) # const) and for any natural

number m < n; n, m the following inequality holds:
1

FGe) — Vi)l < f<f f _wg(f,t)dt) vn>n,

Proof:
To prove the inequality, it's enough to prove

If ) = Va (O < If () — opa (O]

WE HAVE
k — m k
n—-m n
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THEREFORE
n-1 2 n-1 2
o) 7= > () e
n—m P = n P
k=m+1 k=m+1
THEREFORE
1 o)
S Em e Sas S ey
n—m n k
k=m+1 k=m+1 k=n

n-1 2

I G~ VA DI = Z (n_m) 2+Zp < Z ) puipi
peer DY k=n

k=m+1
Ilf(X) — o1 (DI?

3.1 Appendix
A. We now proceed to prove the following result.

k=n

ipk . <k1r)_
Z ksm n =

© n-1 2 2
P~ 21-1)n+j p 2nl+j
Z {(Zl Dn+j -sin[(2l — 1)n +]] o an ny sin[2nl +]]

On the other hand
(4 j T jTT j T
sin[(2l — 1)n + j]— = sin <Zl1t -n +]—) = sin (]— - n) = —sin (]—)
n n n n
. AT jm . (JT
sin[2nl + j] — = sin <Zln + —) = sin <—)
n n n
We obtain

n-1 2 2
P onini P i—n+j

2nl+j QlI-1)n+j

> B s ()= n()

k=n 1=1 j=0

We have
ViZ1=2nl+j>Q2l-1)n+j

From remark (1)

p%nl+]’ < p%Zl—l)n+j
2nl+j~ 2l-1)n+j

vi=1 ,vj=0

And also
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Therefore

p?
p’ 2ntj P @i-nnd)
2nl+] l-1)n+j

km
%sin (T) <0

»

=

MS‘M

R"

=n

B. We now proceed to prove the following result.

2k
pism— =0
k n
k=n
To prove this inequality, we distinguish between two cases

First case: Let n be an odd number. Then, we use the symbol [g] to denote the integer

part of a numberg.
We collect the terms of this series in the following form

22 o & i p?
pPr” . 2km z n+j . T
- P 2 (1 —

Z X sin o £ ln+jSln (n+])n

+Z a +(11+)1)" J -sin2 [(I1+1)n - ]]

w (G, 3 p? _

_ z p In+j 2]7T z L+ Dn—j l.nZ]_TT
S\ = In +] (I+1)n-j n

Whenj = 0 we obtain sin% =0 therefore

[Tl

[oe] 2 -

Py . 2km ZZ P In+j (l+1)n—j . 2jm

Z k st n b 1(ln+] I+ 1)n- ])sm n
Jj=

k=n

When 1 < j < [7] we obtain sin% >0.
andvli > 1lin+j<(+1n—j
From remark (1)

p2[n+j p2(l+1)n—j
In+j  (I+1n-—j

Therefore
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Tl
w I3 ,
ZZ ’ tnj B P Letyney ) sin T o
4 In+j {A+1n-—-j n -

—pt, 2k
= Z hsin—n =0
k n
k=n
Second case: Let n be an even number
We collect the terms of this series in the following form

21

o pi | 2km — o
Pk . =2*% _ In+j U+n-j
K Sin— Z .. n +]sm2(ln+]) +Z(l+1) sin2[(1+1) - ]]
k=n =1\ j=0
_ Z P Intj o 2]71' Z (l+1)n—] in 2jm
a L ln +] I+ 1Dn-— ] n
=1\ j=0

When j =0 we obtain sinZT =0
When j =2 we obtain sin% = 0 therefore

n
oo oof
2km p? - 2jm
Z—ksm— ZZ( Ity _ (Hl)"] )sin]—ZO
k In+j (A+1n-—j n
k=n =1 j=1

4. Conclusion

This paper presents the approximation of periodic function using Fejér means and de
la Vallee Poussin means in Lebesgue spaces.

The approach ensures the validity of Jackson’s inequality by applying the FEJER and
DE LA VALLEE POUSSIN means and the second-order modulus of continuity in
space L.

The results were as follow:

Theorem (1): For any functionf(x) € L,, (f(x) # const)and for any natural
number nwill be obtained the inequality:

1
n 2
If(x) — o 1(f)||_\/_< f (ft)dt) , Ynzmng

Theorem (2): For any functionf(x) € L,, (f(x) # const) and for any natural
number m < n; n, mWill be obtained the inequality:

N =

1 5
1FGo - Vi) < %(g Mot t)dt) vz,
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